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MIKHAIL SKOPENKOV 

Abstract. We present a new short proof of the explicit formula for the group 
of links (and also link maps) in the 'quadruple point free' dimension. Denote 
by L™ q (respectively, C™ p ) the group of smooth embeddings S p US q — > S m 
(respectively, S p — » S m ) up to smooth isotopy. Denote by LM™ q the group 
of link maps S p U S q — » S m up to link homotopy. 
Theorem 1. //p<<?<m — 3 and 2p + 2q < 3m — 6 then 

Lp, q ^ MS 171 -"- 1 ) © 7r p+9+2 _ m (50/so m _ p _i) e c™- p © c™-«. 

Theorem 2. Ifp,q < m-3 and 2p + 2g < 3m-5 then L¥™, S n^ +q+1 _ m . 

Our approach is based on the use of the suspension operation for links and 
link maps, and suspension theorems for them. 



1. Introduction 

This paper 1 is on knotting problem of higher dimensional manifolds (for recent 
surveys see [21, 24]). We study knots and links in codimension at least 3, where a 
complete answer can sometimes be obtained, in contrast to the classical situation 
of simple closed curves in IR 3 . 

Denote by the set of smooth embeddings S p US q — ► S m up to smooth isotopy. 
Denote by C™~ p the set of smooth embeddings S p — > S m up to smooth isotopy. 
For p, q < m — 3 these sets are commutative groups with respect to 'componentwise 
connected sum' operation [8]. 

The main result of this paper is a new short proof of an explicit formula for the 
group L™ q in terms of the groups C p " _p , C q n ~ q and certain homotopy groups: 

Theorem 1.1. Ifp<q<m — 3 and 2p + 2q < 3m — 6 then 

Lp] q — TT p (S m ~ q ~ ) © n p+q+ 2-m(VM+m-p-l,M) © C™~ v © C™~ 9 . 

Here Vm+i,m is the Stiefel manifold of M-frames at the origin of R M+ ', where 
M is large. Many of the groups 7t„(Va-/+z.a/) an d C™ _p are known [20, 7]. 

Example 1.2. L^ 3 = Z©Z©Z©Z. 
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Theorem 1.1 is the strongest available explicit classification of 2-component links 
in spheres. However, for arbitrary p, q < m — 3 there is a famous exact sequence in- 
volving the groups L™ , certain homotopy groups and maps between them involving 
Whitehead products (see [8, Theorem 1.1] and [5]). 

Theorem 1.1 was proved in [8, Theorems 10.7 and 2.4] (under stronger restrictions 
p < q and p+3q < 3m— 7; however, the Haefliger argument can be extended to cover 
our dimension range — see Remark 3.7). The second inequality in Theorem 1.1 is 
sharp (see Remark 3.6). 

We reduce the classification of links to the classification of link maps, which is 
an interesting problem in itself [22, 13, 6]. 

A link map is a continuous map f : X LAY ^ Z such that fX n fY = 0. A link 
homotopy is a continuous family of link maps f t : X U Y — > Z. Denote by LM™ q 
the set of link maps S p U S q — -> S m up to link homotopy. For p, q < m — 3 this set 
is a commutative group with respect to 'componentwise connected sum' operation 
(by [22, p. 187], [12, Remark 2.4] and 'link concordance implies link homotopy' 
theorem cited below). 

The second result of this paper is a short proof of the following theorem: 

Theorem 1.3. [6] If p, q<m-3 and 2p + 2q< 3m - 5 then LM™ q = n^ +q _ m+1 . 

The isomorphism is the a-invariant (see §3). The second inequality is sharp [6]. 

Theorem 1.3 is the strongest known explicit classification of link maps for p,q < 
m — 3. However, under slightly weaker dimension restriction there is an exact 
sequence involving the groups LM™ q and certain bordism groups [13, Theorem A]. 

Our approach is based on the use of the suspension map. The suspension map 
£ : LM™ q — ► LM™^ l q is defined by suspending the p-component and including the 
g-component. It is easy to see that for M large LM™_^f q = TT^ +q _ m+l [12]. Thus 
Theorem 1.3 follows from the following assertion: 

Theorem 1.4 (Suspension theorem for link maps). [G] If p,q < m — 3 then the 
suspension map is bijective for 2p + 2q < 3m — 5 and surjective for 2p-\-2q < 3?n — 4. 

This theorem has been known earlier only as a corollary of Theorem 1.3. We 
give a short direct proof of Theorem 1.4 analogous to Zeeman's proof of the higher- 
dimensional Poincare conjecture and using a version of Alexander's trick. Our proof 
is almost self-contained, we use only 'concordance implies isotopy' theorem. 

Let us introduce some notions and conventions. 

An embedding / :Ix/-t 5™ x I is a concordance if X x = f~ 1 {S m x 0) 
and X x 1 = f" 1 (S' m x 1). We tacitly use the facts that in codimension at least 3 
concordance implies isotopy and any concordance or isotopy is ambient [9]. 

Similarly, a link concordance is a continuous map / : (X U Y ) x / — > S m x / such 
that f(X X I) n f(Y X I) = 0, {X U Y) x = f~ 1 {S m x 0) and (X U Y) X 1 = 
f (S m x 1). In codimension at least 3 link concordance implies link homotopy, 
which was announced in [17], cf. [1, 16, 14], and proved in [18]. 

We say that a link map / : S p U S q — > S m is null link concordant, if it extends to a 
link map D p+1 UD q+1 — > D m+1 . The latter link map is called null link concordance. 

This paper is organized as follows. In §2 we prove Theorem 1.4. In §3 we deduce 
Theorem 1.1 from Theorem 1.4. Sections §2 and §3 can be read independently from 
each other. 

In [2, 3] (cf. [23]) a similar approach is applied to the classification of embeddings 
S p xS q ^ S m . 
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Figure 1 . A standardized link map 



2. Classification of link maps 

We prove Theorem 1.4 as follows. First we prove the surjectivity in case p < q. 
Then we prove analogously the injectivity in case p < q, and finally we deduce the 
case p > q of Theorem 1.4 from the case p < q. 

Let us introduce our main notion and state our main lemma. 

Definition 2.1. (see Figure 1) Let S k = D\ U (S^ 1 x/)Ufl' be the standard 
decomposition of the sphere, where dD+ = S k ~ 1 x = S' fe_1 is the equator of S k . 
A link map / : S p U S q — ► S m is standardized if the following 3 conditions hold: 

(1) fD\ C D™, fD'L c D m , fiS"- 1 x 7) c S 1 "- 1 x I; 

(2) fS q C S™- 1 x I; 

(3) fiSP- 1 x I) is straight, i. e. /(S^" 1 x 7) = /(S^ 1 x 0) x I. 

Lemma 2.2. Suppose that p<q+l,p<m~3 and 2p + 2q < 3m — 5; then any 
link map f : S p U S q — > S m is link homotopic to a standardized link map. 

Proof of the surjectivity in 1.4 for p < q modulo 2.2. Take a link map / : S p+1 U 
S q — > S m+1 . Let us modify it to a suspension by a link homotopy. 
By Lemma 2.2 we may assume that / is standardized. 

Push fS q along the fibers of S m x I until it lies in S m x = dD™ +1 . After that 
transform fD^ +1 and f{S p+1 - IntD^ +1 ) to the cones over fdD 1 ^ 1 in L>™ +1 and 
in S m+1 — IntZ)™ + , respectively (by a rectilinear link homotopy). The obtained 
link map is the suspension of a link map S p U S q — ► S 1 " 1 . □ 

Now we proceed to the proof of Lemma 2.2. First we prove it for p < q, then 
for p = q + 1. The proofs of all technical claims below can be skipped for the first 
reading. From now till the end of §2 we work in piecewise linear category. 

Proof of Lemma 2.2 for p < q. Let us make a generic link map / : S p U S q — > S rn 
standardized by performing certain homcomorphisms S p —> S p and S m — > S*™. 
(Formally performing homcomorphisms h p : S p S p and ft, m : S 1 " 1 — > S 1 " 1 means 
a link homotopy transforming / to h m o f o (h~ x U Ids?).) 

(1) Construction of the homeomorphism S p — > S" p : splitting the sphere S p . (The 
Zeeman engulfing, see Figure 2 to the left.) Consider the self-intersection set of 
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Figure 2 . Splitting of the spheres S p and S' 



the p-component S{f) = Cl{ x <E S p : \f~ 1 fx\ > 2}. Let A+ be the skeleton 
of S(f) formed by the simplices of dimension not greater than idimS(/) (in a 
triangulation of S p , S q and S m such that / :5 P U5'^ S m is simplicial). Let A. 
be the subcomplex dual to A + (i. e., A_ is the subcomplex formed by all simplices 
a of the first barycentric subdivision of S(f) such that a D A + = 0). 

Claim 2.3. There exist subpolyhedra B± C S p such that B± D A± and B± = CA± . 

Proof. Generically dim ,!?(/) < 2p — m, so dim^4± < p — I 12 ^-]- Take generic 
extensions i± : CA± — > S p of the inclusions A± S p . They are cmbcddings, 
because 2(p—[ 2i ii] + l)—p < by the assumption p < m— 3. Put B± —i±CA±. □ 

Claim 2.4. Generically B + n5_=f) and S ± n = A±. 

Proof. This follows from dim(B+ n S_) < 2(p - f 22 ^-] + 1) - p < and 

dim(5±-A ± )n5(/) < (p- [s^i] +l) + (2p-m)-p < ±(2g + 2p-3m + 4) < 0, 

which is a corollary of the assumptions p < q + 1 and 2p + 2q < 3m — 5. □ 

Take disjoint regular neighborhoods of B± in S p . Perform an orientation- 
preserving homcomorphism S p — > S p taking these neighbourhoods to the balls 
of the standard decomposition S p = D p + U (S^ 1 xI)UD p _. 

(2) Construction of the 1st homeomorphism S m — ► >S TO : splitting the sphere S m . 
(See Figure 2 to the right.) Take subpolyhedra C± C S"™ such that C± D /-B± and 
C± = CfB± (constructed analogously to Claim 2.3). 

Claim 2.5. Generically C+ n C_ = 0, C± n = /B± and C± n /5« = 0. 

Proof. This follows from the inequalities 2(p — + 2) — m < 0, which holds by 

the assumption p < to -3, and dim(C± - fB±) DfS p < (p-[^} + 2)+p-m < 0, 
which holds by the assumptions p < q and 2p + 2q < 3m — 5, and dim(C+ (~l /S 19 ) < 
(p - I 12 ^-] + 2) + g - to < 0, which is equivalent to 2p + 2q < 3to - 5. □ 

Take disjoint regular neighborhoods of C± U fD± relatively fdD± in S m — fS q . 
Perform a homeomorphism S m — > 5 m taking them to the balls of the standard 
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decomposition S m = D™ U x 7) U D' m . By Claim 2.5 the obtained link map 

satisfies properties (1) and (2) of a standardized link map (see Definition 2.1). 

To satisfy property (3) perform the following homeomorphism S m — > S m . 
(3) Construction of the 2nd homeomorphism S m — > S' m : straightening f(S p ~ 1 x J). 

Claim 2.6. T/iere is a homeomorphism S(f) n (S^ 1 x7) = (S"(/) n (S^ 1 x 0)) x 7 
fafcins n (S^ 1 x j) to (S(f) n (Sp- 1 x 0)) x j for j = 0,l. 

Proof. Take the first barycentric subdivision of the triangulation from step (1). 
Then each simplex a C S(f) such that a <f_ A + UA_ is the join of two simpliccs a + C 
A + and er_ C A_. By Claim 2.4 the polyhedra cRT)^ are regular neighborhoods of 
<r± in a. So there is a natural homeomorphism crn(5 p ~ 1 x I) = (o-n(S p ~ 1 x 0)) x 7. 
Combining such homcomorphisms for all simpliccs a C S(f) such that a <f_ j4 + Uj4_, 
we get the required homeomorphism S(/)n(S p_1 x 7) = (S'(/)n(5 p ~ 1 x0)) xl. □ 

Claim 2.7. TTiere is a homeomorphism /(5 P_1 X 7) = /(S' p_1 x 0) x 7 taking 
fiSP- 1 x j) to /(S^ 1 x 0) x j /or j - 0, 1. 

Proo/. (The Alexander trick) By Claim 2.6 the inclusion i : S(f) n (S^ 1 x!)m 
S" 11-1 x I is a concordance. Perform an ambient isotopy of 5 P_1 x / making i an 
isotopy. Since any isotopy is ambient, there is a homeomorphism h : SP^ 1 x I — > 
S'P" 1 x 7 such that n (S'P" 1 x /)) is straight, i. e. is equal to h(S(f) D 

(SP -1 x 0)) x I. The required homeomorphism fiSP -1 x I) = /(S'p -1 x 0) x 7 is the 
quotient of ft. (Analogously to the proof of 2.6 it can be checked that this quotient 
is well-defined.) □ 

Claim 2.8. There is a homeomorphism of S™ -1 x 7 making f^SP -1 x 7) straight. 

Proof. By Claim 2.7 the inclusion i : /(S* p_1 x 7) <—* S" 1 ^ 1 x 7 is a concordance. 
Arguing as in the proof of Claim 2.7 we get the required homeomorphism. □ 

Perform a homeomorphism 5™ — » S m extending the one given by Claim 2.8. 
The obtained link map is standardized, so for p < q Lemma 2.2 is proved. □ 

Proof of Lemma 2.2 for p = q + 1. The proof is analogous to the proof in case p < 
q, only the cones B± and C± should be replaced by collapsible polyhedra given by 
the following claim, cf. [9]. □ 

Claim 2.9. There are collapsible subpolyhedra B± C S p and C± C S m satisfying 
Claims 2.4 and 2.5. 

Proof. (The Irwin trick) Let B± be the polyhedra given by Claim 2.3. Define C± 
analogously. These polyhedra satisfy all the required properties except C± R fS p = 
fB±. By the inequality dim(C ± - fB±) n fS p < (p - I 12 ^-] + 2) + p - m < the 
set (C± — fB±) (~l fS p (if nonempty) consists of finitely many points not belonging 
to S(f). Join each of these points with B± by a generic arc in S p . Let B± be the 
union of these arcs and the cone B±. Adding appropriate cones over f(B± — B±) 
to C±, we get a collapsible polyhedron C± C S m such that dim(C± — C±) < 2. 
The polyhedra B± and C± are the required. □ 

The injectivity in Theorem 1.4 is proved by a relative version of the above argu- 
ment. A standardized link map / : D p U D q — > D m is defined as in 2.1, only we fix 
the standard decomposition of the disc D k = D*L U (D k ~ 1 x 7) U instead of the 
sphere. Denote by D* -1 = 7>± n dD k . Assume that dD^T 1 is the equator of dD k . 



(i 



MIKHAIL SKOPENKOV 



Lemma 2.10. Suppose that p<q + l, p<m — 3 and 2p + 2q < 3m — 5. Then any 
generic proper link map f : D p U D q —> D m , whose restriction to the boundary is a 
suspension, is link homotopic (relatively the boundary) to a standardized link map. 

Proof of the injectivity in 1.4 for p < q modulo 2.10. It suffices to prove that if the 
suspension of a link map /q : S p US q — > S m is null link concordant then the link map 
/o is null link concordant. Take a null link concordance / : D p+2 U D q+1 — > D m+2 
of S/o- By Lemma 2.10 we may assume that the link map / is standardized. 

Push fD q+1 along the fibers of D m+1 x I toward <9L>™+ 2 until it lies in <9L>™+ 2 - 
dD m+2 . The restriction of the obtained link map to C\(dD p + 2 - dD p+2 ) U D q+1 is 
the required null link concordance of the link map /q. d 

Proof of Lemma 2.10. The proof is analogous to the proof of Lemma 2.2 with the 
following modifications. Let D k be the ball obtained from D k by attaching two 
cones CD^ 1 along D* _1 . Let / : D p U -> £> m be the obvious extension of 
the link map / : D p U _D 9 — > D rn . Clearly it suffices to make the link map / 
standardized (performing homcomorphisms of D p and D m fixed on the boundary) . 
(1) Construction of a homeomorphism D p —> D p for p < q. Let A+ be the union of 
and all simplices of S(f) having the dimension not greater than \ dim S(f). 
Let A- be the subcomplex dual to A+. 

Claim 2.11. There are subpolyhedra B± C D p collapsible to B± (~l D^T 1 and sat- 
isfying Claim 2.4. 

Proof. Take a generic homotopy i t : A± — > D p fixed on A± n D , such that 
i : A± <—> D p is the inclusion and i\A± C D^T 1 . Let B± be the trace of it- □ 

Take appropriate regular neighborhoods of B± U C(B± R D§T ) in D p U CD^ -1 . 
Perform a homeomorphism l) p — > D p fixed on the boundary, taking them to the 
balls of the standard decomposition of D p . 

Steps (2) and (3) from the proof of Lemma 2.2 are modified analogously. □ 

Thus we have proved Theorem 1.4 for p < q. 
Proof of Theorem 1.4 for p > q. The map S is surjective as the composition 

lm- — E^ LM ™+ p - q 5 — ^a/^-'+'^Xlm;^, 

in which all the maps are well-defined and surjective by the case p < q of Theo- 
rem 1.4. The injectivity of £ is proved analogously. □ 

3. Classification of links 

We prove Theorem 1.1 as follows. First we prove a suspension theorem for 
links (Theorem 3.1) reducing the classification of links to the classification of disc 
link maps. Then we simplify the group of disc link maps, and find it using the 
classification of link maps. Formally, 1.1 follows from 1.4, 3.2, 3.3, 3.5 and 5-lemma. 

Let us introduce some notation. Throughout §3 we work in smooth category. 

Denote by L™ q the group of concordance classes of embeddings S p U S q — » S m , 
whose restrictions both to S p and to S q are unknotted. 

An almost link is a link map / : S p U S q — > S m whose restriction to S q is an 
unknotted embedding. An almost concordance is a link concordance (S p US q ) X I — * 
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Figure 3. Geometric EHP sequence for links 



S m x 7, whose restriction to S q x I is a concordance. Let L p ? be the set of almost 
links up to almost concordance. For p, q < m — 3 this set is a commutative group 
with respect to 'componentwise connected sum' operation. It is not difficult to sec 
that this group is isomorphic to ir p (S m ~ q ~ 1 ) (cf. Definition of A below). 

A disc link map is a proper link map / : D p U D q — > D m whose restriction 
to (dD p ) U D q is an embedding and / : dD p — > dD m is unknotted. A disc link 
concordance is a proper link concordance (D p \JD q ) x I — > £) m x J, whose restriction 

— - — - m 

to (<9_D P U Z? 9 ) x 7 is a concordance. Let DM p be the set of disc link maps up to 
disc link homotopy. For p, q < m — 3 it has a natural commutative group structure. 

Theorem 3.1 (Geometric EHP sequence for links). (A. Skopenkov, cf. [19], [7, 
Theorem 1.9], see Figure 3) For p, q < m — 3 there is an exact sequence: 

• ■ ■ >Lp, q >DM p>q ^ n ;-t q -x >■ ■ ■ 

Proof. Construction of the homomorphisms. Let e be the obvious map. Let p be 
the 'restriction to the boundary' map. The map h is the 'cutting' homomorphism 
defined as follows. Take a generic almost link / : S p U S q — > S rn . Take a generic 
pair of points x € /5 P and y G /S" 1 and join them by a path Z meeting f(S p U S" 1 ) 
only at <9L Let D m be the complement to a small neighborhood of I in S™. Denote 
by D p UD q = f- x D m . Set to be the restriction of / to a map D p UD q -> l) m . 

Proof of the exactness. We have Imp = Kere because a link f : S p U S q —> 
S m extends to a disc link map D p+1 U Z)« +1 -> D m+1 if and only if it is almost 
concordant to a trivial link. We have Im/i = Kerp because a disc link map / : 
D p U Z? 9 — > I?" 1 extends without adding new self-intersections to an almost link 
S p US q — > S* m if and only if the restriction of / to the boundary is null-concordant. 

To prove Ime C Ker/i, take a proper embedding / : D p UD q — » D m . Take a pair 
of points x £ D p and y £ D q . Join /x and fy by an arc Z meeting f(D p U D 9 ) only 
at dl. Let L» m be a small neighborhood of Z in S m . Denote by L» p U D q = f~ l I) m . 
The restriction / : (D p - £> p ) U (_D« - _D 9 ) -> (D m - D m ) is a concordance. By 
'concordance implies isotopy' theorem we may assume that this restriction is level- 
preserving. Then the Alexander trick shows that the embedding / : D p UD q — > £) m 
is ambient isotopic to the restriction / : D p U D q — ► D m . The latter embedding is 
trivial, thus h o e = 0. 

To prove Ker/i C Ime, take f £ L pq such that Zi(/) = 0. By definition, there 
exist a disc link concordance c between h(f) and an embedding. We may assume 
that the restriction of c to the boundary is an isotopy. By isotopy extension theorem 
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[9] it extends to an ambient isotopy of the disc S m — D m (from the above definition 
of the map h) . So c can be extended to an almost concordance between / and a 
link /' G i™. Hence / = e(f'). □ 

- — - m+l 

Corollary 3.2. L™ g S C™-P©C™-'?©7rp(S" n -''- 1 )© J DM p+1 , 9+1 forp<q< m-3. 

Proof. By [8, Th. 2.4] we have P™ 9 = L™ q ffi C™" p © C™" 9 . So it suffices to show 
that for p < q the homomorphism e : L™ g — > L™ g has a right inverse. The required 
right inverse ■7r p (S m ~ q ~ 1 ) — ► was constructed in [8, Th. 10.1]: it takes the class 
of a map : S p -> to a link /:^US^ P> 9+1 x S™-?- 1 C S m given by 

the formula f(x U y) = (^x; <^e) U (y; c), where c G S™ -9-1 is fixed. □ 



Let us simplify the group DM p . Define DM p to be the group of proper link 
maps / : D p U D q — > P> m whose restriction / : c/£> p — > <9Z? m is an unknotted 
embedding (up to link concordance whose restriction to dD p x I is a concordance) . 



Lemma 3.3. If p,q < m — 3 then the natural map DM pq —> DM pq is bijective 
for 2p + 2q < 3m — 5 and surjective for 2p + 2q < 3m — 4. 



Proof. The surjectivity. Take a generic link map / G DM p q ■ The pair (D m — 
fD p , dD m - fdD p ) is (2m - 2p - 3)-connectcd, because H-(D m - fD p , dD m - 
fdD p ) = if™"'- 1 (/£>*>) = for i < 2m. - 2p - 3 (because /P> p is homotopy 
equivalent to the mapping cone of the restriction / : S(f) — > fS(f), having the 
dimension at most 2p — m + 1, cf. [6, Lemma 4.2]). Thus by the assumptions 
q < m — 3, 2p + 2<7< 3m — 4 and the embedding theorem moving the boundary [9] 
the restriction / \ m : {D q , dD q ) -> (P> m - /P> p , clD m - /clD p ) is homotopic to an 

rn - m 

embedding. So / belongs to the image of the natural map DM — ► DM . 

The injectivity. Take a generic link concordance / : (D p U D q ) X I — > P> m x /, 
whose restriction to -D 9 x dl U <9P> P x / is an embedding. It suffices to remove the 
self-intersection of D q x / by a link homotopy fixed on (D p UD q ) x dl. It is possible 
by the following theorem proved similarly to [9], because the pair (D m x I — f(D p x 
I), dD rn x I - f(dD p x I)) is (2m -2p- 3)-connectcd. □ 

Theorem 3.4 (Embedding theorem moving a part of the boundary). Let M m+1 , 
Y m C DM and X q C dD q+1 be compact manifolds. Let f : {D q+1 , X) -> (M, Y) be 
a proper map such that f \qd?+ 1 -x * s an embedding. If q < m — 3 and (M;Y) is 
(2q — m+2) -connected, then f is properly homotopic rc\dD q+1 — X to an embedding. 



Let us find the group DM p q . Denote byn = p + q+ l — m. We are going to 

define a homomorphism f3 : DM p q — > n n {VM+m-p-l,M)- The following theorem 
and 5-lemma imply the bijectivity of this homomorphism. 

Theorem 3.5. (A. Skopenkov, cf. [13, Th. 3.1], [11, Lemma 5.1], [12, Th. 4.8]) 
For p, q < m — 3 and 3p + q < 3m — 5 there is the following diagram with exact 
lines, commutative up to sign: 

T" 1 __e_, rum h TT¥T m p , -^m-l 

L q,p > LM P,9 > DM P ,q > L q-l,p-l > ' ' ' 



A 



tt^S™-"- 1 ) - ) tt£ H > 7r„(y M + m - P -i,M) — 7r,_ 1 (5 m -P- 1 ) 



p 



A 
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Proof. The top line is defined analogously to Theorem 3.1 (with similar proof of 
the exactness). The bottom line is the stable James EHP sequence, for which we 
use the following geometric construction [15, §1 and §4], cf. [10, 2- r ), 4]. 

Construction of the EHP sequence. Identify the groups ir q (S m ~ p ~ 1 ) and 7r„ 
with the groups of framed embeddings and immersions, respectively, of closed n- 
manifolds into S q (up to framed cobordism). A proper immersion is a proper 
framed immersion of an n-manifold into D q , whose restriction to the boundary is 
an embedding. A proper cobordism is a proper framed immersion c : N n+1 — > 
D q x I, whose restriction to c~ 1 (S q ~ 1 x I) is an embedding. By [15, Prop. 4.1] we 
can identify ir n (VM+ m -p-i,M) with the group of proper immersions up to proper 
cobordism. 

Let E : 7r q (S m ~ p ~ 1 ) — > 7r^ be the obvious map and let P : 7r n (V>M+m-p-i,Af) — ► 
TT q (S m ~ p ~ 1 ) be 'restriction to the boundary' map. Let H : ir^ — > 7r n (VM+m-p-i,M) 
be cutting homomorphism, defined by removing small discs from an immersed n- 
manifold and the sphere S q . 

Construction of the vertical homomorphisms. Remove a point from S m and 
identify the result with R m . For a link map / : X U Y — > R m define the map 
/ : X xY -> S™- 1 by the formula f{x, y) = ^I^ - Denote by pr : X x Y -> Y 
the obvious projection. 

Definition of a. (cf. [12]) Let f : S p U S q ^ W n be a generic link map. Take 
a regular value v 6 S" 11 ^ 1 of the map /. Let a{f) be the cobordism class of the 
framed immersion pr : / u — > S q . (Clearly, a commutes with E, hence by 1.4 and 
[12, Th. 2.13] a is an isomorphism for p, q < m — 3 and 2p + 2q < 3m — 5.) 

Definition of A. (cf. [8]) Take a generic link map / € -£™ p - The complement 
S m — fS p retracts to a sphere g™-?- 1 bounding a normal disc to fS p . Assume 
that the sphere S m ~ p ~ 1 is standard. Put the image fS q into the sphere S m ~ p ~ 1 
by an appropriate link homotopy re\S p . Take a regular value v <G 5 m_p_1 of the 
map /. Let A(/) be the cobordism class of the framed embedding pr : f~ 1 v — > S q . 

Definition of (3. (cf. [13]) Take a generic proper disc link map / : D p UD q — > R™, 
where R™ is the upper half-space. By a proper link homotopy, restricting to an 
isotopy of dD p , one can put the image fdD q into the standard sphere S" 1 ^' 1 . 
Take a regular value v 6 S™-? 5 - 1 of /. Let /?(/) be the proper cobordism class of 
the framed proper immersion pr : f~ 1 v — > D 9 . 

Thus the required diagram is constructed. The commutativity up to sign is 
checked directly. □ 

Remark 3.6. The restriction 2p + 2q < 3m — 6 in Theorem 1.1 is best possible, the 
formula fails for 2p + 2q = 3m — 5. For example, take m = p + 4 = 4k— 1, k > 5, 
q = 2k + l. Then the group LM^q+i is infinite [13, p. 755-756]. Thus by 3.3 

m+1 m+1 

and 3.5 vkDM p+1 q+1 > rkDM p+l q+1 > rk7r p+9+2 -m(VA/+m- P -i,A/)- So by 3.2 
the rank of the left-hand side in the formula of 1.1 is greater than the rank of the 
right-hand side. 

Remark 3.7. The argument of [8] can be extended to prove Theorem 1.1 at least for 
2pi + 2p2 < 3m — 7 (here we use the notation of [8]). Indeed, the only step of that 
proof, in which this restriction is not sufficient, is [8, Proposition 10.2]. Since the 
group Apf (respectively, nj^_ 2 ) is generated by 6k{ii,i2) (respectively, [[i2,«i],*2] 
and 8k+i(ii,i2)) for all k > such that kp\ + P2 > (k + l)(m — 2), the proposition 
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follows. A possible reason why this improvement was not noticed in [8] was that the 
restriction 2p\ + 2p2 < 3m — 7 did not appear there in contrast to 3pi +P2 < 3m — 7. 

Acknowledgements. The author is grateful to A. Skopenkov for constant atten- 
tion to this work and to the referee for useful suggestions. 
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TEOPEMbI O HAflCTPOHKE RJIR 3AI^EnJlEHHH H CHHrYJIflPHblX 

3AD;EnJlEHHH 



Mnxanji Ckoitghkob 



AHHOTAqna. Mm npHBOflHM HOBoe KopoTKoe flOKa3aTejibCTBO aBHoii (popMyjibi fljia rpynnbi 3anen- 
jtghhh (a TaioKe CHHryjiapHbix 3aijenjieHHH) b pa3MepHOCTH, 'cbo6o^;hoh ot neTbipexxpaTHbix Tonex'. 
06o3HaiHM iepe3 L™ q (cooTBeTCTBeHHO, iepe3 C p p ) rpynny rjia^Knx BjiojKeHnii S p U S q —* S m 
(cootbgtctbghho, S p — ► S 7 ™) c TOHHOCTbfO rjia^Koft h30toiihh. 06o3HaHHM nepe3 LMp l q rpynny 
CHHryjiapHbix 3anenjieHHH S p U S q — > S m c toihoctbk) flo CHHryjiapHOH rOMOTOnnn. 
Teopeiua 1. Ecjiu P < 9 < m — 3 u2p + 2q< 3m — 6, mo 

L™ q = Ms™"" 1 - 1 ) © n p+q+2 -m(so/sOm- P -i) e c^-p e c g m ~ 9 . 

Teopeiua 2. Ecau p,q < m — 3 u 2p + 2q < 3m — 5, mo LM™ q = Wp +q+1 _ m . 

Ham noflxofl ocHOBaH Ha ncnojib30BaHHH onepaunn Ha^CTponKH #jia 3an,enjieHHH n CHHryjiapHbix 
3anenjieHHH, h meopeM o nadcmpouKe fljia hhx. 



1. BBEflEHHE 

^aHHaa CTaTKH 1 nocBHmeHa npo6jieMe 3ay3JiHBaHHH MHoroMepHbix MHoroo6pa3HH (aKTyajibHbie 0630- 
pbi no flaHHoii TeMe mojkho HaiiTH b CTaTbax [21, 24]). Mm raynaeM y3Jibi h 3anenjieHHH b Kopa3MepHOCTH 
no KpanHeii Mepe 3, b KOTopoii HHor,a;a yflaeTca nojiynnTb nojmbiii otbgt, b OTjinnne ot KjiaccnnecKoii 

CHTyaUHH npOCTblX 3aMKHyTbIX KpHBblX B R 3 . 

06o3HannM nepe3 L 7 p n q mho^kgctbo rjiaflKnx BjiojKeHHii S p U S q — > S m c TonHOCTbio flo rjiaflKofi H30- 
Tonnn. 06o3HanHM nepe3 C™ _p mhojkgctbo rjia^KHx BjiojKeHHii S p — > S m c TonHOCTbio ,n;o rjia^Koii 
H30T0nnn. Ilpn p, q < m — 3 3th MHO»cecTBa — KOMMyTaTHBHbie rpynnbi OTHOCHTejibHO onepaniiH 'no- 

KOMnOHeHTHOH CBH3HOH CyMMbl' [8]. 

Ochobhoh pe3yjibTaT flaHHoii CTaTbn — HOBoe KopoTKoe ^OKa3aTejibCTBO hbhoh (popMyjibi pjir rpynnbi 
L™ 9 b TGpMHHax rpynn C™ _p , C™~ q h HeKOTopbix roMOTonnnecKHx rpynn: 

TeopeMa 1.1. Ecau p < q < m — 3 u 2p + 2q < 3m — 6, mo 



3,a,ecb Vm+i.m — MHoeoo6po3ue IHmutfiejiM, M-penepoB b Ha^ajie KOop^HHaT npocTpaHCTBa K + , r,n;e 
hhcjio M floCTaTOHHO BejiHKO. MHorne H3 rpynn 7r„ (Vm+i,m) h C™ _p hbho BbmncjieHM [20, 7]. 

n P HMep 1.2. L| 3 ^ZffiZffiZffiZ. 

TeopeMa 1.1 HBjiaeTCfl Han6ojiee cnjibHon H3BecTHon sienou KjiaccnepHKaiinen 2-KOMnoHeHTHbix 3an;en- 
jieHHH b ccpepax. OflHaxo pjin npon3BOJibHbix p, q < m — 3 HMeeTCH 3HaMeHHTaa TOHHaa nocjie^OBaTejib- 
HOCTb, BKJiK)HaK)m,aH rpynnbi L™ q , HeKOTopbie roMOTOnn^recKne rpynnbi n OTo6pa»ceHHfl Meac^y hhmh, 
BKJiionaioni,He npon3BefleHHH YanTxe^a (cm. [8, Theorem 1.1] n [5]). 

TeopeMa 1.1 6braa ,a;0Ka3aHa b [8, TeopeMbi 10.7 n 2.4] (npn 6ojiee cnjibHOM orpaHnneHnn p < q n 
P + 3q < 3m — 7; o,a,HaKO, paccyxcfleHne Xscpjinrepa MO»ceT 6biTb o6o6m,eHO, x iTo6bi noKpbiTb n Hani 
flnana30H pa3MepHOCTeii, cm. SaMe^aHne 3.7). BTopoe HepaBeHCTBO b TeopeMe 1.1 flBjiaeTCH TonHMM 
(cm. 3aMenaHne 3.6). 

Mm CBOflHM KJiaccHCpHKaiinio 3au,enjieHen k KJiaccn(pHKan,HH CHHryjiapHbix 3an,enjieHHii, KOTopaa hb- 
jiiieTCfl HHTepecHoii 3ajj,aHeH h caMa no ce6e [22, 13, 6]. 
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CumyAxpnoe 3au,enAenue — sto HenpepbiBHoe OTo6pa»ceHHe / : X U Y — > Z Taxoe, hto fX n /Y = 0. 
CumyjisipHasi zoMomonusi — sto HenpepbiBHoe ceMeiicTBO CHHryjiapHbix 3anenjieHHH ft : X U Y ^ Z. 
06o3HaHHM nepe3 LM™ q mho>k6ctbo CHHryjrapHbix 3anenjieHHH S p U S q — ► S™ c TOHHOCTbio ^,0 CHHry- 
jiapHOH roMOTonnn. Upvip, q < m — 3 sto mhojkgctbo — KOMMyTaTiiBHaa rpynna OTHOCHTejibHO onepanHH 
'noKOMnoHGHTHOH cbh3hoh cyMMbi' (corjiacHO [22, p. 187], [12, Remark 2.4] 11 TeopeMe 'cHHryjiapHaa koh- 
Kop^aHTHOCTb BjieneT CHHryjiapHyio roMOTomno', ccbijiKa Ha KOTopyio npHBOflHTca HH»ce b stom nyHKTe). 

BTopofi pe3yjibTaT ^aHHoii CTaTbH — KopoTKoe ,n,OKa3aTejibCTBO cne,a,yioineH TeopeMbi: 

TeopeMa 1.3. [6] Ecjiu p,q < m — 3 u 2p + 2q < 3m — 5, mo 

T S 

P,q ~ "p+g-m+l* 

/JaHHbiii H30Mop(pH3M — 3to a-HHBapHaHT (ero onpe^ejieHne ,a;aHO b §3). BTopoe HepaBeHCTBO b ^aHHoii 
TeopeMe — TonHoe [6]. 

TeopeMa 1.3 HBjiaeTCH caMoii cnjibHofi H3BecTH0ii hbhoh KjiaccHcbHKaHHeii CHHryjiapHbix 3au;enjieHHH 
npn p, q < m — 3. OflHaxo npn HeMHoro 6ojiee cjia6oM orpaHnnemiH Ha pa3MepHOCTH HMeeTCH TOHHaa 
nocjie^OBaTejibHOCTb, BKjnonaioinaH rpynny LM™ q h HexoTopbie rpynnbi 6op,zni3MOB [13, Theorem A]. 

Hani no^xo,!! k KJiaccHcbHKanHH 3anenjieHHH h CHHryjiapHbix 3anenjieHHH ocHOBaH Ha Hcnojib30BaHHH 
OTo6pa»ceHHH Ha^CTponKH. Omo6pacnceHue nadcmpouKU 

E : LM™ - LM™+; 

onpe^ejiHeTCfl, KaK Ha^CTpoiiKa p-KOMnoHeHTM h BKjnoneHHe g-KOMnoHeHTM. Jlerxo BH^eTb, hto npn 

f m+M ~ s 

L p+M.q ~ "p+q-m+1 



^ocTaTO^HO 6ojibHiOM M HMeeTCH H30MopcpH3M LM™^ 1 = 7Tp + n+1 [12]. TaKHM o6pa30M, TeopeMa 1.3 



cjie^yeT H3 Taxoro yTBepjK^eHHH: 

TeopeMa 1.4 (TeopeMa o Ha^CTpoiiKe ,h,jih CHHryjiapHbix 3anenjieHHH) . [6] Ecjiu p,q < m — 3, mo 
omo6pacHceHue nadcmpouKU 6uenmueHO npu 2p + 2q < 3m — 5 u cwpneKmueno npu 2p + 2q < 3m — 4. 

9ia TeopeMa 6braa H3BecTHa paHee TOJibKO KaK cjie^CTBHe TeopeMbi 1.3. B ,n,aHHOH CTaTbe npHBO,n,HT- 
ch KopoTKoe npHMoe ,n;0Ka3aTejibCTB0 TeopeMbi 1.4, aHajiornnHoe ,a;0Ka3aTejibCTBy 3nMaHa MHoroMepHoii 
rnnoTe3bi IlyaHKape, h Hcnojib3yioiri;ee Bepcnio Tpioxa AjiexcaHflepa. Hanie ,a;0Ka3aTejibCTB0 non™ ca- 
MOfloCTaTOHHO, mm onHpaeMCH TOJibKO Ha TeopeMy "KOHKop^aHTHOCTb BjieneT H30TonHio". 

Mm 6y^,eM ncnojib30BaTb cjie^yroiniie noHaTia h corjianieHHH. 

BjioaceHHe / : X X I — » S rn x I Ha3biBaeTCH KOHKopdanmHocmbw, ecjin X x = f^ 1 (S m x0)alxl = 
f^ 1 (S m x 1). B flajibHennieM MOJinajiHBO Hcnojib3yiOTCfl (paKTM, hto b Kopa3MepHOCTH no KpaHHeii Mepe 
3 KOHKopdaumHocmb ejienem u3omonuw h jiw6o,ji KOHKopdanmHocmb ujiu u3omonua o6zeMJieMa [9]. 

AHajiorHHHO, cumyjuipHaji KOHKopdanmHocmb — sto HenpepbiBHoe OTo6pa»:eHHe / : (X U Y) X I — » 
S m x7 T aKoe, hto f(X x I)nf(Y x J) =0, (!UF)xO = /-^S*" 1 x 0) h (IuF) x 1 =/- 1 (5 m x 1). B 
Kopa3MepHOCTH no KpafiHeii Mepe 3 cumyjixpnan, KOHKopdanmHocmb ejienem cumyAMpnyw soMomonuw, 

HTO 6bIJIO aHOHCHpOBaHO b CTaTbe [17], cpaBHH c [1, 16, 14], H flOKa3aHO B CTaTbe [18]. 

Mm roBopHM, hto CHHryjiapHoe 3au;enjieHHe / : S p U S q — > S m HyAb-KOHKopdanmHO, ecjin oho npo- 
flOJKKaeTCH ,a;o CHHryjiapHoro 3au;enjieHHH D p+1 U D q+1 — > D m+1 . ITocjie^Hee CHHryjiapHoe 3an;enjieHHe 
mm Ha3MBaeM HyAb-KOHKopdanmHocmbio. 

^aHHaa CTaTbH opraHH30BaHa cjie^yiom,HM o6pa30M. B §2 mm ,n,OKa3biBaeM TeopeMy 1.4. B §3 mm 
BBmofliM TeopeMy 1.1 H3 TeopeMbi 1.4. Pa3^ejiM §2 h §3 mojkho HHTaTb He3aBHCHMO Apyr ot ^pyra. 

B CTaTbHx [2, 3] (cpaBHH c [23]) pa3pa6oTaHHMii noflxofl npHMeHaeTCH k KjiaccH(pHKan;HH bjiojk6hhh 
S p x S q -> S m . 

2. KjlACCHOHKAIJHJI CHHryjlHPHblX 3AU;EnJIEHHH 

Mm flOKa3MBaeM TeopeMy 1.4 cjieflyiom,HM o6pa30M. CHana.ua mm ^oxasMBaeM cropieKTHBHOCTb b 
cjiynae p < q. 3aTeM mm ,n;0Ka3MBaeM aHajiornnHMM o6pa30M HHieKTHBHOCTb b cjiynae p < q,n, HaKOHeu;, 
mm BMBOflHM cjiynafl p > q TeopeMbi 1.4 H3 cjiynaa p < q. (3aMeTHM, hto yTBepjK^eHHe TeopeMbi 1.4 He 

CHMMeTpHHHO OTHOCHTejibHO p H q) . 

BBe^eM ocHOBHoe noHHTHe, Hcnojib3yeMoe b ^OKa3aTejibCTBe, h cepopMyjinpyeM ocHOBHyio jieMMy. 

Onpe^ejieHHe 2.1. (cm. HjijiiocTpainiio 1) IlycTb S k — U (S k ~ 1 x /) U D k _ — CTaHflapraoe pa36n- 
eHne ccpepM, r^e dD+ = S k ~ 1 x = S' fe_1 — 3KBaTop ccpepbi S k . By^eM roBopnTb, hto CHHryjiapHoe 
3au;enjieHHe / : S p U S q — > S m cmaHdapmu3oeaHo 7 ecjin BbinojiHeHM cneflyiomHe 3 ycjiOBHH: 

(1) fD\ C Dip, fD p _ C D m , /(SP- 1 x I) C S™- 1 x /; 

(2) fS q C S™- 1 x /; 

(3) x I) npsiMOAuneuno, to ecTb /(S^ 1 X I) = /(S^- 1 X 0) X 7. 




JleMMa 2.2. IIpednoAOCHCUM, nmo p<q + l,p<m — 3 u 2p + 2q < 3to — 5; mozda Am6oe cumy- 
AMpHoe 3av ) enAeHue f : S p U S q — > S*"' cumyjisipHO zoMomonno cmaHdapmu3oeaHHOMy cumyjiMpnoMy 
saxifinjieuuw. 

JJ,OKa3amejibcmeo cmpvenmueHocmu e 1.4 no Modyjiw 2.2 npu p < q. (KoHH^ecxaa KOHCTpyKHira) Pac- 
cmotphm npoii3BOJibHoe CHHryjiapHoe 3an,enjieHHe / : S p+1 U S q — > S 1 ™"*" . Haina n,ejib — npeBpaTHTb ero 
b Ha,n;cTpoiiKy c noMombio CHHryjiapHoii roMOTonnn. 

IIo JleMMe 2.2 mm MoaceM npe^nojiojKHTb, ito / CTaH,n,apTii30BaHO. 

CflBHHeM o6pa3 fS q B^ojib o6pa3yK>iHHx uHJiHH^pa S m x /, noxa oh He nona^eT b ocHOBaHHe S m x = 
dD™ +1 . nocjie SToro npoflecpopMHpyeM /Z?^ +1 h f(S p+1 - IntD^ 1 ) B KOHyCbl Hafl ccpepoii fdD p + +1 
BHyTpn ,u;hckob h S™^ 1 — Int D"? + , cooTBeTCTBeHHO (c noMombio CHHryjiapHoii roMOTonnn, npa- 

MOJiHHeiiHOH Kax BHyTpH Tax h BHyTpn S m+1 — IntZ)" l+1 ). Ilojiy^eHHoe CHHryjiapHoe 3au;enjieHne 

— HaflCTpoflKa Ha,a; HeKOTopMM CHHrynapHMM 3an,enjieHHeM S p U S q — > S m . 3Ha*iHT / £ ImE, ^to h 
Tpe6oBajiocb. □ 

Tenepb mm nepexo^HM k ^OKa3aTejibCTBy JleMMM 2.2. CHa^ajia mm ^OKajKeM ee pjisi p < q, 3aTeM 

— AJifl p = q + 1. ^OKa3aTejibCTBa Bcex TexHH^ecKHx yTBepxyieHHH HH»ce MoryT 6biTb nponymeHM npn 
nepBOM npo^TeHHH. C SToro MOMema ,n;o KOHn,a §2 mm pa6oTaeM b Kyco^HO-jiHHeiraoH KaTeropnn. 

JJ,OKa3amejibcmeo JleMMU 2.2 npu p < q. Haina n,ejib — c^ejiaTb ,a;aHHoe CHHryjiapHoe 3an,enjieHHe 06- 
mero nojiojKeHHH / : S p U S q — ► S m CTaH,n,apTH30BaHHMM, npoH3BO,n,H no^xo^amHe roMeoMop(pH3- 
mm S p — > S p h S m — ► S m . (<J>opMajibHO, 'npoH3BecTH roMeoMop(pH3MM hp : S p —> S p a h rn : S m — > 5™' 
osHa^aeT 'npon3BecTn CHHrynapHyio roMOTonHio, npeBpamaiomyio / b h m o f o (ft," 1 U Id)'). 

(1) IIocmpoeHue zoMeoMopq)U3Ma S p — > S* p : pa36uenue cgiepu S p . (MeTO,n, norjiomeHHH 3nMaHa, cm. hji- 
jiiocTpainiio 2 cjieBa). PaccMOTpnM MHO»cecTBO caMonepece^eHHfl p-KOMnoHeHTbi: S(f) = G\{x G S p : 
|/ > 2}. IlycTb A + — octob KOMnjiexca S(f), cdpopMHpoBaHHbiii CHMnjiexcaMH pa3MepHOCTH He 

6ojibHie |dim5(/) (b TaKoii TpnaHrynfliniH ccpep S p , S q h S m , hto OTo6pajKeHne / : S p U S 19 — » 5" n 
CHMnjiHijHajibHo) . IlycTb — ncflKOMmieKC, ^bohctbghhmh k A + (to ecTb, A_ — noflKOMnjieKC, o6pa- 
30BaHHbiii BceMH CHMnjiexcaMH a nepBoro GapHijeHTpHHecKoro no^pasflejieHHH KOMnjiexca S(f) tskhmh, 
hto aC\A + = 0). 

YTBepacfleHHe 2.3. Cyutficmeywm nodnoAuadpu B± C S' p , manue nmo B± D A± u B± = CA±. 

JJoKa3ameAbcmeo. IIo o6in,eMy nojioaceHHio dim5(/) < 2p — to, TaraM o6pa30M, dim± < p — I 12 ^-]- 
Bo3bMeM npo,n;oji>KeHHH o6mero nojio»ceHHH i± : CA± — > S p BKjiio^eHHii A± c — » S^. Ohh ABjiaiOTCfl 
Bjio>KeHHHMH, noTOMy hto 2(p — [ m ^ 1 ] + 1) — p < BBH,o;y npeflnojioJKeHHH p < to — 3. OcTaeTca 
nOJIOJKHTb i?± = i±CA±. □ 

yTBepxc^eHHe 2.4. B o6uifiM noAootceuuu B + n £?_ = | u S± (~l S(f) = A±. 
JHoKa3ameAbcmeo. 9to cjie^yeT H3 HepaBeHCTB &mi(B + n S_) < 2(p — I 12 ^-] + 1) — p < h 

dim(S± - A±) n 5(/) < (p - [2^1] + 1) + (2p - to) -p < |(2g + 2p - 3to + 4) < 0, 
nocjie^Hee H3 kotopmx HBJiaeTCfl cjie^,CTBHeM npeflnojiojKeHHii p<<j + lH2p + 2g< 3m — 5. □ 



Phc. 2. Pa36iieHHfl ccpep S p h S' 



Bo3bMeM HenepeceKaromnecfl peryjiapHbie OKpecTHOcra nojinaflpoB B± b ccpepe S p . npoH3Be,iieM co- 
xpaHfliomHH opneHTaiiHK) roMeoMopcpii3M S p — > S* p , nepeBO,n,fliii,HH sth oxpecTHOCTH b inapbi CTaH^apT- 
Horo pa36 H e H HH S p = D\ U (S^ 1 X J) U D p _. 

roMeoMopcpH3M h m : S m — ► S m , KOTopbiii mm co6npaeMCH nocTpoHTb, 6yz],eT KOMno3HLi,Heii ^Byx 
roMeoMopcpH3MOB S m — > S* m , onpeflejiaeMbix cjieflyiomHM o6pa30M. 

(2) nocmpoenue 1-ozo zoMeoMop$u3Ma S m — > S m : pa36uenue c$epu S m . (Cm. HJiJuocTpanHio 2 cnpaBa). 
Bo3bMeM noflnojiiraflpbi C± C 5™ Taxne, hto C± D fB± h C± = CfB± (ohh ctpohtch aHajiorn^HO 
nojiH3,n;paM 7?± H3 yTBepjKfleHHH 2.3). 

YTBepacfleHHe 2.5. 7? o6ui ) eM nojiowceuuu C+ PI C_ = 0, C± (~l /S^ = /7?± u C± fl = 0. 

JHoKa3ameAbcmeo. 9to cjie^yeT H3 HepaBeHCTB 2(p — [^-r^-] + 2) — m < 0, KOTopoe BbinojiHaeTca b cmry 
npeflnojioJKeHHfl p < m — 3, h dim(C± — fB±)DfS p < (p— I 12 ^-] + 2) +_p — rn < 0, KOTopoe BbinojiHaeTca 
b CHJiy npeflnojio»ceHHH p < q h 2p + 2q < 3?n — 5, h dim(C+ fl /S* 9 ) < (p — I 2 ^] + 2) + q — m < 0, 
KOTopoe SKBHBajieHTHO 2p+2g < 3m— 5. (3to - e^HHCTBeHHoe MecTO b HaineM flOKa3aTejibCTBe, b kotopom 
orpaHH^eHne 2p + 2q < 3m — 5 HBjraeTCH tohhmm) . □ 

Bo3bMeM HenepeceKaromnecfl peryjiapHbie OKpecTHOCTH nojiHS^poB C± U fD± OTHOCiiTejibHO fdD± 
b MHoroo6pa3Hii S m — fS q . npoii3Be^eM roMeoMopcpii3M S m — > S rn , nepeBOflHupiii sth oxpecTHOCTH b 
inapbi CTaHflapTHoro pa36ne-HHH S m = 7>™ U (S* 1 ™ -1 x 7) U 7>™. B carry yTBep}K,z];eHHH 2.5 nojiy^eH- 
Hoe CHHryjiapHbie 3an,enjieHHe y^OBjieTBopaeT CBOHCTBaM (1) h (2) CTaimapTiooBaHHoro cimryjiapHoro 
3au;enjieHHH (cm. Onpe^ejieHHe 2.1). 

Hto6m y^OBJieTBopHTb CBoiicTBy (3), npoH3Be^;eM cne,n,yioinHH roMeoMopcpii3M S m — ► S rm . 

(3) nocmpoenue 2-ozo 20MeoMopg)U3Ma S m — > S 7 ™: eunpsiMJieuue Muootcecmea /(5 P_1 x /). 

YTBepacfleHHe 2.6. Cyuificmeyem zoMeoMop$u3M S(f) fl (>!5 P_1 x J) = (5(/) n (5 P_1 x 0)) x /, nepe- 
eodjnuuu S(f) n (S p - 1 x j) e (£(/) n (S*? 3 - 1 x 0)) x j npu naotcdoM j = 0, 1. 

JJ,OKa3amejibcmeo. Bo3bMeM nepBoe 6apHLi;eHTpH x iecKoe no,n;pa3,i];ejieHHe TpnaHryjiHLtHH H3 inara (1) bh- 
ine. KajKflbiii CHMnjiexc cr C S*(/) TaKoii, hto a <f_ A + U A- ABjiaeTca ^jkohhom napbi chmiijigk- 
cob (T + C A + h cr_ C A_. CorjiacHO yTBepjK,a;eHHio 2.4 nojiH3,i;pbi a (~l D^: aBjiaiOTCfl peryjiapHMMH 
OKpecTHOCTHMH rpaHeii cr± b CHMimeKce a. TaxiiM o6pa30M, cymecTByeT ecTecTBeimbra roMeoMop(pH3M 
a fl (5 P_1 x /) = (a (~1 (S'P -1 x 0)) x /. 06 r be^HHeHHH Taxne roMeoMop(pH3Mbi ^jih Bcex CHMnjieKCOB 
a C £(/) TaKHx, hto a $t A + (b nopa^Ke B03pacTaHHfl pa3MepHOCTefi chmiijigkcob a), mm nojiy^HM 

T P e6yeMbiii roMeoMopcpHSM S(f) n (^p^ 1 xJ)^ (5(/) n (Sf- 1 x 0)) X I. □ 

yTBepxc^eHHe 2.7. Cymecmeyem zoMeoMopg)U3M f(S p ~ 1 xI) = f(S p ~ 1 x0)xI , nepeeodjunuu f{S p ^ 1 x 
j) e f(S p ^ 1 x 0) x j npw naaicdoM j = 0, 1. 

r IfoKa3amejibcm60. (Tprox AjiexcaHflepa) CoraacHO yTBepacfleHHio 2.6 BKJiiOHeHHe i : n (S p_1 x 

/) S' P_1 X / HBJIfleTCH KOHKOpflaHTHOCTbK). IIpOHSBefleM 06l3eMJieMyK) H30TOIIHIO D,HJIHH,I],pa S^ -1 X /, 

npeBpamaiomyio KOHKop^aHTHOCTb i b H30Tonnio. Tax Kax jiio6afl H30TonHH HBjiaeTCfl o6 r beMjieMoii, to 
cymecTByeT roMeoMopcpH3M h : S^ 1 x / — > x /, BbinpflMjiaioinHH mho>kgctbo (S(f) D (S^ -1 x /)), 
to ecTb Taxoii, hto n (5P- 1 x 7)) = /i(S'(/) n (S^ 1 x 0)) x 7. Hckommh roMeoMopcpHSM fiS^ 1 x 

7) — KSP^ 1 x 0) x 7 ABJiaeTCH (paKTopoM roMeoMop(pH3Ma h. (AHajiorn^HO ^OKa3aTejibCTBy 2.6 mojkho 



npcmepHTb, hto npH no^xo^HmeM Bbi6ope roMeoMopcpH3Ma H3 YTBepjK/ieHHfl 2.6 3tot cpaKTop onpe^ejieH 

KOppeKTHo) . □ 

YTBepacfleHHe 2.8. Cyu^ecmeyem zoMeoMopq)U3M S 771 ^ 1 xl, eunpnMASiKiu^uu MHOCHcecmeo /(S' p_1 xl). 

J],OKa3amejibcmeo. CorjiacHO yTBep»c,n,eHHio 2.7 BKJiiOHeHHe i : /(S^ -1 x I) <— > 5 m_1 x I — KOHKop^aHT- 
HOCTb. PaccyjK,a;aH, xax b ,i;0Ka3aTejibCTBe yTBepjK,a;eHHa 2.7, mm nanynaeM ickomhh roMeoMopcpH3M. □ 

npoH3Be,o;eM roMeoMopcpH3M S m — > 5 m , npoflOJKKaiomHH roMeoMopcpH3M H3 YTBepjKfleHHH 2.8. Ho- 
jiyHeHHoe b pe3yjibTaTe CHHrynapHoe 3an;enjieHHe CTaH,n,apTH30BaH0, TeM caMMM npn p < q JleMMa 2.2 
^OKa3aHa. □ 

JJ,OKa3amejibcmeo JleMMU 2.2 npu p = q + 1. /JoKa3aTejibCTBO aHajiorn^HO ,a;0Ka3aTejibCTBy b cjiy^ae p < 
q, c toh pa3HHD,eii, hto KOHycbi B± h C± 3aMeHfliOTCH KOJiJiancnpyeMbiMH no^nojiHSflpaMH, npe^ocTaB- 
jiaeMbiMH cne^yioiHHM yTBep»c^,eHHeM (cpaBHH c ^,OKa3aTejibCTBaMH TeopeM BJiojKeHHH b KHiire [9]). □ 

YTBepacfleHHe 2.9. Cyu^ecmeymm KOJiJiancupyeMue nodnoAuadpu B± C S p u C± C S m , ydoejiemeo- 
pjiwinue YmeepoKdeuusiM 2.4 u 2.5. 

JJoKa3ameAbcmeo. (tpiok HpBHHa) IlycTb B± — nojiHS^pbi, npeflOCTaBjiaeMbie YTBepjKfleHHeM 2.3. Onpe- 
,a;ejiHM noflnojiHSflpbi C± aHajiorn^HO. 3th no^nojiHSflpbi yziOBjieTBopaiOT bcgm Heo6xo,iiHMbiM CBoiicTBaM, 
xpoMe C±nfS p = fB±. B CHJiy HepaBeHCTBa dim(C± - f§±) n fS p < {p ~ [^] + 2) +p - m < mho- 
jKecTBO (C± — fB±)nfS p (ecjin Henyero) coctoht h3 KOHenHoro HHona TO^ex, He npHHafljiejKamnx S(f). 
CoeflHHHM KajK,a;yio H3 sthx TO^ex c nojinsflpoM B± nyTeM o6m,ero nojio»ceHHfl b ccpepe S p . IlycTb B± 
— o6 r be : iiHHeHHe sthx nyTeii h KOHyca B±. AHajiorn^HO, ,a;o6aBjiflH KOHycbi Hafl nojiHS^paMH f(B± — B±) 
k nojiH3,n;py C±, mm nojiy^HM KOJiJianciipyeMbiii nojina^p C± C S rn , KOToporo dim(C± — C±) < 2. 

nOJIIia^pbl B± H C± — HCKOMbie. □ 

HHieKTHBHOCTb b TeopeMe 1.4 ,2;oKa3biBaeTCfl c noMombio OTHOCHTejibHoii BepcHH npeflbmymero pac- 
cyjK^eHHfl. CmaHdapmu3oeaHHoe cimryjiHpHoe 3au;enjieHHe / : D p UD q — > D m onpe^ejiaeTCfl Tax see, KaK 
b 2.1, c toh pa3HHD,eii, hto mm (pHKcnpyeM CTaH^,apTHoe pa36neHHe ducna D k = D k , U (D k ~ 1 x I) U D_ 
BMecTO cgjepu. 06o3Ha x iHM ^epe3 D^T 1 = Dj. n dD k . ByzjeM CHHTaTb, hto dD^T 1 — SKBaTop ccpepbi 
dD k . 

JleMMa 2.10. npednojiocHCUM, nmo p<q+l, p<m — 3 u 2p + 2q < 3m — 5; mosda jiw6oe cumy- 
jixpnoe 3axi,enAeHue o6w i ezo noAoofcenuM f : D p U D q — > D rn , ozpaHunenue Komopozo na Kpaii MejiMemcM 
HadcmpouKou, cunzyjixpno zoMomonno omHocumejibHO Kpan cmaudapmu3oeaHHOMy cuHzyjiapHOMy 3a- 
v ) enAeHUJO. 

r IfoKa3amejibcm60 uuseKmueHocmu e 1.4 no Modyjiw 2.10 npu p < q. HaM ^ocTaTO^HO ^oxasaTb, hto ec- 
jih Ha^CTpoiiKa CHHryjiapHoro 3au,enjieHHH /o : S p U S q — > S m Hyjib-roMOTonHa, to h caMO CHHryjiapHoe 
3an;enjieHHe fo Hyjib-roMOTonHO. PaccMOTpHM Hyjib-roMOTonnio / : D p+2 U D q+l — > D m+2 CHHryjiapHoro 
3an;enjieHHH S/o- no JleMMe 2.10 mojkho CTHTaTb, hto ciiHryjiapHoe 3au;enjieHHe / CTaH,n;apTH30BaH0. 

CflBHHeM o6pa3 fD q+1 B^ojib o6pa3yioiri;Hx LtHjiHHflpa D m+1 x I no HanpaBjieHHio k 9Z?™ +2 , noxa 
oho He nona,a;eT b ocHOBaHne dD™ +2 — dD m+2 . OrpaHH^eHne nojiyneHHoro CHHryjiapHoro 3au;enjieHHfl 

{8D P + +2 - dD p + 2 ) U D q+1 HBjiaeTCH hckomoh Hyjib-roMOTonneii CHHryjiapHoro 3an,enjieHHH /o- □ 



fl^oKa3ameAbcmeo JleMMU 2.10. ^oxasaTejibCTBO aHajiorn^HO ^oxasaTejibCTBy JleMMbi 2.2 co cjieflyro- 

mjiMH H3MeHeHHHMH. IlycTb D k — inap, nojiyHeHHbiii H3 inapa D k npuKjieHBaimeM flByx KOHycoB CD^T 1 
-,fc-i 



B^ojib D± . IlycTb / : D p U D q — > D m — OHeBH^Hoe npo^ojuKeHHe CHHryjiapHoro 3au,enjieHHH / : 
D p U D q — * D m . 5Icho, ^to floCTaTOHHO c^ejiaTb CHHryjiapHoe 3an,enjieHHe / CTaH,n,apTii30BaHHbiM (c 
noMombio roMeoMop(pH3MOB ,ii;hckob D p h D m , HenoflBHJKHbix Ha rpamme). 

(1) IIocmpoeHue zoMeoMopq)U3Ma D p — > D p npu p < q. IlycTb A + — o6 r be,n,HHeHHe SKBaTopa dD 1 ^ 1 h 
Bcex CHMnjieKCOB KOMnjiexca S(f) pa3MepHOCTH He 6ojibnie ^dimS'(/). 

YTBepacfleHHe 2.11. Cyuificmeywm nodnoAuadpu B± C D p , KOAAancupyeMue na B± n D p ± u ydo- 
eAemeopumutfie YmeepcHcdeHuw 2.4. 

JJoKa,3ameAbcmeo. Bo3bMeM roMOTonnio o6in;ero nojioaceHHa i t : A± — » D p , HenoflBHJKHyio Ha MHoacecTBe 
A±C\D P j s _ , Taxyro hto zq : A± e — > D p — BKJiro^eHne h i\A± C D± 1 . IlycTb S± — cjie^, roMOTonni it. □ 



S 1 U s 1 -> s 2 



S 1 U S 1 -» S 2 ^UD 1 ^ £> 2 
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Phc. 3. TeoMeTpHHecKafl EHP nocjie^OBaTejibHOCTb .hjisj 3anenjieHnn 



Bo3bMeM no,a;xo,i];fliri;He peryjispHbie okpgcthocth nojins^poB _B± U C(B± n -D± _1 ) b MHoroo6pa3HH 
Z? p U CD^T 1 . IlpoH3Be,i];eM roMeoMopcpiOM D p — ► HenoflBHJKHbiii Ha rpaHnn;e, nepeBOflHirpin sth 
oxpecTHOCTH b niapbi CTaH^apTHoro pa36neHHfl ,a,HCKa D p . 

IIIarH (2) n (3) 113 ^OKa3aTejibCTBa JleMMbi 2.2 Bn^,on3MeHHiOTCH aHajiorn^HbiM o6pa30M. □ 

TaKHM o6pa30M, mm ,n;0Ka3ajiH TeopeMy 1.4 npii p < q. 
J^OKaaamejibcmeo TeopeMU 1.4 npu p > q. OTo6pa»ceHHe £ cropieKTHBHO KaK KOMno3nnnH 



LM 



P,<3 



b KOTopoii Bee OTo6pa»:eHHa KoppeKTHO onpe^eneHM n ciop r beKTHBHM b cany cjiy^aa p < q TeopeMbi 1.4. 
HH-beKTHBHOCTb OTo6pa»ceHHH £ ,ziOKa3MBaeTCH aHajiornnHO. □ 

3. KJIACCM<DHKALI,H5I 3AD,EnjIEHMH 

Mm flOKa3biBaeM TeopeMy 1.1 cjie,a,yioinHM o6pa30M. CHaHana mm ,n,OKa3MBaeM TeopeMy o Ha,n,CTpoHKe 
Pjik 3au,enjieHHii (TeopeMa 3.1), CBOflHmyio KJiaccncpnKannio 3anenjieHnn k KJiaccncpnKannn ducKoeux 
cumyAsipuux 3ab\enAeHuu. IIotom mm ynpomaeM rpynny ,h,hckobmx ciiHryjiapHbix 3anenjieHHn, n Haxo- 
ffaM ee, nojib3yacb KjiaccncpHKaiinen (ccpepnnecKnx) cnHryjiapHbix 3an,enjieHHn. OopMajibHO, 1.1 cnepjeT 
H3 1.4, 3.2, 3.3, 3.5 n 5-jieMMM. 

BBe/ieM HexoTopbie o6o3HaneHHH. Bcio,ii;y b §3 mm pa6oTaeM b rjiaflKofi KaTeropnn. 

06o3Ha x iHM Hepe3 L™ q rpynny KJiaccoB KOHKop^aHTHOCTH BJio»ceHHH S p U S q — > S m , orpaHHHemiH 
KOTopbix Ha S p h S q He3ay3JieHM. 

Ha30BeM nonmu 3av,enAeHueM cnHryjiapHoe 3an,enjieHne / : S p U S q — ► S m , orpaHHHeHne KOToporo 
Ha S q ABjiaeTCH He3ay3JieHHMM BjioJKeHneM. Ha30BeM nonmu KOHKopdaHmHocmbw cnHryjiapHyio koii- 
Kop^aHTHOCTb (S p U S q ) x I — > ST" 1 x 7, orpaHnneHne KOTopoii Ha S q x I HBJiHeTCH KOHKop^aHTHOCTbro. 
IlycTb L p — MHOJKecTBO nonTH 3an;enjieHHH c tohhoctbio ,n;o nonTH KOHKop^aHTHOCTH . Ilpn p, q < m — 3 
3to MHOJKecTBO — KOMMyTaTHBHaa rpynna OTHOCHTejibHO onepannn 'noKOMnoHeHTHoii cbh3hoh cyMMbi'. 
HeTpy^HO BH,a;eTb, hto 3Ta rpynna H30Mop<pHa roMOTonnnecKoii rpynne ir v (S m ^ q ^ 1 ) (cpaBHn c onpe^e- 
jieHneM OTo6pa»ceHHfl A raxe b stom nymcTe). 

J^ucKoeuM cumyAMpnuM aaufiruienueM mm Ha3MBaeM co6cTBeHHoe cnHryjiapHoe 3anenjieHne / : D p U 
D q — > D m , orpaHnneHne KOToporo Ha (dD p ) U D q HBjiseTca BjioaceHneM, npnneM BjioaceHne / : dD p — > 
dD m He3ay3JieH0. JJucnoeou cumyAMpuou KOHKopdaHmHocmbw mm Ha3MBaeM co6cTBeHHyio cnHryjiap- 
Hyio KOHKop,a;aHTHOCTb (D p U D q ) X I — > D m x I, orpaHHHeHne KOTopoii Ha (dD p U D q ) x / HBjiaeTCH 

m 

KOHKOp^aHTHOCTbK). IlyCTb DM p q — MHOJKeCTBO fllCKOBBIX CHHryjIHpHMX 3aU,enjieHHH C TOHHOCTbK) ^O 

,u;hckoboh CHHryjiflpHofi roMOTonnn. Ilpn p, q < m — 3 3to MHOJKecTBO o6jia,a;aeT ecTecTBeHHoii CTpyKTypofi 
KOMMyTaTHBHOn rpynnbi. 

TeopeMa 3.1 (reoMeTpnnecKaa EHP nocjie^OBaTejibHOCTb pjm saijenjieHnn) . (A. CKoneHKOB, cpaBHn c 
[19], cm. HjuiiocTpanHio 3) TIpu p,q < m — 3 UMeemcn moHHan nocAedoeameAbnocmb: 



/'■'/ 



-±L' 



+DM 



p.q 



p fm-l _ 



JJ,OKa3ameAbcmeo. ITocmpoeHue zoMOMopq)U3Moe. IlycTb e — oneBH,a;Hoe OTo6pa»ceHHe. IlycTb p — oto6- 
pa»ceHne 'orpaHHHeHna Ha Kpan'. OTo6pa»ceHHe h ABjiaeTCfl 'roMOMop(pn3MOM BbipesamiH', onpeflejiae- 
mmm cjie^yKim,HM o6pa30M. Bo3bMeM noHTH 3aiienjieHne o6m,ero nojioaceHna / : S p U S q — > S m . Bo3b- 
ineii napy Tonex o6m,ero nojiojKeHnn x £ fS p n y £ fS q , n coefliHHM nx nyTeM I, nepeceKaioinnM 



f(S p U S q ) TOJibKO no dl. IlycTb D m — .npnojiHeHne k He6ojibinon oxpecTHOCTH nyra I b ccbepe S m . 
06o3HaHHM D p UD q = f~ l D rn . Hojiojkhm h(f) paBHMM orpamrqeHiiio OTo6pa»ceHHfl / ^,0 OTo6pa»ceHHfl 
D p U D q -> D m . 

JJoKa3amejibcmeo moHHOcmu. Mm hmggm Imp = Kere, nocKOJibKy 3an,enjieHne / : S p U S* 9 — > 5 ro 
npoflOJKKaeTCH flo flncKOBoro cnHryjiapHoro 3an,enjieHHH D p+l U D 9+1 — > D m+1 , ecjin h TOJibKO ecjiH 
oho noHTH KOHKop,a;aHTHO TpHBHajibHOMy 3an,enjieHnio. Mm hmggm Im/i = Kerp, nocKOJibKy ^hckobog 
CHHryjiapHoe 3anenjieHne / : D p U _D 9 — > £) m npo^ojiJKaeTCH 6e3 ,iio6aBJieHHH hobmx caMonepeceneHnii 
^0 noHTH 3aii;enjieHHfl 5 P U 5' -> S™', ecnn n TOJibKO ecjin orpaHnneHne / Ha xpaii Hyjib-KOHKop^aHTHO. 

Hto6m ,n;0Ka3aTb Ime C Kerh, B03bM6M co6ctbghhog bjiojkghhg / : D p U D q — > D m . Bo3bM6M napy 
Tonex x E -D p h y £ -D 9 - Co6,u;hhhm /x h /j/ nyTGM I, ncpGCGKaioinGH f(D p U D q ) TOJibKO no dl. IlycTb 
jjm _ He 5 0JIbmajI oxpGCTHOCTb nyTH I b ccbepe S m . 06o3HaHHM D p U D q = f-if) 171 . OrpaHHHemie 
/ : (D p — D p ),U(D q — D q ) — ► (Z? m — Z) m ) — KOHKop^aHTHOCTb . CoraacHO TeopeMe 'KOHKop^aHTHOCTb 
BJieneT H30TonHK)' mojkho c^HTaTb, hto 3to orpammeHHe coxpaHaeT ypoBHH. Tor^a Tpiox AjiexcaHflepa 
noKa3MBaeT, hto BJioaceHne / : D p U D q — > Z? m o6 r beMJieMO H30TonHO orpaHHHemno / : D p U l) 9 — > D m . 
IlocjieflHee orpaHHHemie TpnBnajibHO, nosTOMy h o e = 0. 

Hto6m ^OKa3aTb Ker h C Ime, B03bMeM npon3BOJibHoe nonTH BJioaceHHe / E L pq Taxoe, hto h(f) = 0. 
IIo onpe^ejieHHK), cymecTByeT flncKOBaa CHHryjrapHaH KOHKop^aHTHOCTb c Meac^y h(f)n HeKOTopMM bjio- 
»ceHHeM. Mojkho CHHTaTb, hto orpammeHHe c Ha xpaii HBJiaeTCH H30Tonneii. IIo TeopeMe npo^anjKeHHn 
H30TonHH [9] 9Ta H30TonnH npo,a;ojiJKaeTCH ro o6 r beMjieMoii H30Tonnn /niCKa S m — D m (h3 onpe,a;ejieHHfl 
OTo6pa>KeHHH h Bbinie). TaxnM o6pa30M, ^ncKOBaa cnHryjiapHaa KOHKop^aHTHOCTb c MoaceT 6biTb npo- 
,a;oji}KeHa ,a;o nonTH KOHKop^aHTHOCTH Me^K^y / h HeKOTopMM 3an,enjieHneM /' E L 7 pq . Cue^OBaTejibHO, 
/ = e(/')- □ 

-~ m+1 

Cjie^cTBHe 3.2. L™ q = C™~ p C™" 9 ^{S^ 1 -^ 1 ) © DM p+l q+1 npu p < q < m - 3. 



J^OKaaamejibcmeo. CorjiacHO [8, Th. 2.4] mm iiieeM L™^ = L™ g ® C™~ p © C™ -9 . TaxnM o6pa30M, 
flOCTaTO^HO noKa3aTb, hto npn p < q roMOMop<pH3M e : — > L p HMeeT npaBbin o6paTHbiii. Hckomhi 
npaBbiii o6paTHbiii 7r p (S' m ~ 9_1 ) — > L™ g nocTpoeH b CTaTbe [8, Th. 10.1]: oh OTo6pa»caeT roMOTonn^ecKnn 
Kjiacc OTo6pajKeHHH <f) ■ S p — > 5 , " l - < ?- 1 B 3an;enjieHHe / : S" p U S* 9 — > Z? 9+1 x ^ S" n , 3a,iiaHHoe 

(popMyjioii /(a; U j/) = 0x) U (y; c), r,a;e TO^xa c E S™ -9-1 (pHKcnpoBaHa. □ 



YnpocTHM rpynny DM p q . IlycTb DM p q — rpynna co6cTBeHHbix CHHryjiapHbix 3aiienjieHHii / : D p U 
D q — > _D m , orpaHH^eHne kotopmx / : 9Z? P — > 3D™ aBJiaeTca He3ay3JieHHMM BJioaceHHeM (c TO^HOCTbro 

^0 CHHryjIflpHOH KOHKOpflaHTHOCTH, OrpaHHHeHHe KOTOpofl Ha 8D P X I — KOHKOp^aHTHOCTb) . 



JleMMa 3.3. Earn p,q < m — 3, mo ecmecmeeHHoe omo6paatceHue DM p — > DM p SueKmueno npu 
2p +2q < 3m - 5 « cmp^enmueHO npu 2p + 2q < 3m — 4. 



JJ^OKaaamejibcmeo. CwpneKmueuocmb. Bo3bMeM CHHryjiapHoe 3an,enjieHHe o6m,ero nojio»ceHHfl / E DM p q . 
Hapa (L> m - fD p ,dD m - /dD?) aBJiaeTCH (2m - 2p - 3)-cbh3hoh, nocKOJibxy Hi (D m - fD p ,dD m - 
fdD p ) = H m ~ l (fD p ) = npn i < 2m — 2p — 3 (noTOMy hto npocTpaHCTBO fD p roMOTonHHecKH skbh- 
BajieHTHO KOHycy OTo6pa»ceHHfl / : S(f) —* fS(f), HMeK>m,eMy pa3MepHOCTb He 6ojiee 2p — m+ 1, cpaBHH 
c [6, Lemma 4.2]). TaxnM o6pa30M, b cnjiy npeflnojiOMceHnii q < m — 3, 2p + 2q < 3m — 4 h TeopeMM 
Bjio»ceHHfl H3 [9] orpaHHHeHne / ■ (D q ,dD q ) —> (D rn — fD p ,dD m — fdD p ) roMOTonHO BjKKKeffliio. 

m m 

SnaHHT, / npHHa^jiejKHT o6pa3y ecTecTBeHHoro OTo6pa>KeHHa DAI p q DM p q . 

HuneKmueHocnib. Bo3bMeM cnHryjiapHyio KOHKop^aHTHOCTb o6m,ero nojio»ceHHH / : (D p U D q ) X I — > 
D m x I, orpaHHHeHne KOTopoii Ha D q x dl U dD p x / aBJiaeTca BJiojKeHneM. ^ocTaTOHHO ycTpaHHTb 
caMonepeceHeHHH iinjinH^pa D q xl c noMOinbio CHHryjiapHon roMOTonnn, HenoflBHJKHoii Ha (D p UD q ) x dl. 
9to bo3mo>kho b cnjiy cjieflyromefl TeopeMM, ,i;oKa3MBaeMOH aHajiornHHO TeopeMe Bjio»ceHHfl n3 CTaTbn 
[9], Tax K a K napa {D m x I - f(D p x I),dD m x I - f(dD p x I)) aBJiaeTCH (2m. -2p- 3)-c B a3 H ofl. □ 

TeopeMa 3.4 (TeopeMa BJiojKeHna). Ilycmb M m+ , Y m C dM u X q C dD q+1 — KOMnaKmnue mho- 
zoo6pa3UM,. Ilycmb f : (D q+1 ,X) — > (M,Y) — co6cmeeuHoe omo6paatceHue, manoe nmo f \dDi+ 1 -x — 
ejiootcenue. Ecjiu q < m — 3 u napa (M;Y) — (2q — m + 2)-cesi3Ha, mo f co6cmeeHno zoMomonno 
re\dD q+1 — X ejiocHcenuw. 



HaiifleM rpynny DM p . 06o3HannM n = p + q+ l — m. Mm co6npaeMca onpe^ejinTb roMOMop(pH3M 



(3 : DM p q -> TT n (V M + m—p—l )- Cjie^yromaa TeopeMa BMecTe c 5-JieMMoii BJie^eT 6neKTHBHOCTb SToro 

rOMOMOp(pH3Ma. 



TeopeMa 3.5. (A. CxoneHKOB, cpaBHH c [13, Th. 3.1], [11, JleMMa 5.1], [12, Th. 4.8]) Tlpu p,q < m — 
3 u 3p + q < 3m — 5 UMeemcn cjiedywuiflM, duaspaMMa c monnuMU cmponaMU, KOMMymamuenaM c 
moHHOcmbw do 3nana: 



—m — l 



L q ,P > LM v« > p,q > Vl*-i 



A 



/3 



A 



^(Sm-p-i) n s _JL^ ir n (V M + m - P -i,M-) — ^ Kq-iiS™-?- 1 ) > • • • 

/^OKaaameAbcmeo. BepxHaa CTpoxa ctpohtch aHajiornnHO TeopeMe 3.1 (c aHajiornnHMM ,n;0Ka3aTejib- 
ctbom tohhocth) . HiiJKHHfl CTpoxa — CTa6njibHa"H EHP nocjie^OBaTejibHOCTb ^jKefiMca, fljisi KOTopoii mm 
Hcnojib3yeM cne^yioinee reoMeTpn^ecKoe nocTpoeHne [15, §1 h §4], cpaBHH c [10, 25, 4]. 

IJocmpoeHue EHP nocjiedoeamejibnoemu. Otcok^gctbhm rpynnbi TT q (S m ~ p ~ 1 ) h tt^ c rpynnaMH ocHa- 
meHHbix BjiojKeHHii h norpyjKeHHii, cootbgtctbghho, 3aMKHyTbix n-MepHbix MHoroo6pa3Hii b cepepy S q (c 
TO^HOCTbio ,a;o ocHameHHoro Ko6op,a;H3Ma) . Co6cmeeHHUM nozpyotcenueM 6yn;eM Ha3biBaTb co6ctbghhog 
ocHameHHoe norpyxeHHe ra-MepHoro MHoroo6pa3HH b ,h,hck D q , orpaHHnemie KOToporo Ha xpaii hbjih- 
eTCH BJio»ceHHeM. Co6cmeeHHUM Ko6opdu3MOM 6y^eM Ha3MBaTb co6cTBeHHoe ocHameHHoe norpyjKeHne 
c : N n+1 — ► D q x /, orpaHH^eHne KOToporo Ha c _1 (5 l<?_1 x /) hbjihgtch BjioaceHneM. CorjiacHO [15, 
Prop. 4.1] mm mojkgm OTOJKflecTBHTb 7r n ( Vm +m-p- i,m) c rpynnoii co6cTBeHHbix norpyjKeHHH C TOHHO- 
CTbio flo co6cTBeHHoro Ko6op,iiH3Ma. 

IlycTb E : Tr q (S m ~ p ~ 1 ) — > 7T^ — OHeBH^Hoe OTo6pa»ceHHe. ^anee, nycTb P : Tr n (VM+m-p-i,fti) ~ > 
Tr q (S m ~ p ~ 1 ) — OTo6pa»ceHHe "orpamrqeHH.H Ha Kpaii". IlycTb H : — > n n (VM+m-p-i.M) roMOMopepH3M 
"Bbipe3aHHfl", onpeflejiaeMbiii Bbipe3aHHeM He6ojibnioro ^rncKa H3 norpyxeHHoro n-MepHoro MHoroo6pa- 
3hh h ero npoo6pa3a H3 cepepbi S q . 

Hoempoenue eepmunajibnux zoMOMopq)U3Moe. y,a;ajiHM o^Hy TOHKy H3 cepepbi S m h otojk^gctbhm 
pe3yjibTaT c W 11 . JXjisi CHHryjiapHoro 3an,enjieHHH / : X UY — > R m onpe,a;ejiHM OTo6pa>KeHHe / : X x Y — > 
gm-i (^opMyjiofl f(x,y) = • 06o3Ha x iHM nepe3 pr : X X Y — ► Y o^eBH^Hyio npoeKiniio. 

Onpedejienue omo6paotcenuM, a. (cpaBHH c [12]) IlycTb / : S p U S q — > M m — CHHryjiapHoe 3aiienjieHHe 
o6m;ero nojio»ceHHfl. BcobMeM peryjiapHoe SHa^eHne v £ S m ~ l OTo6pa»ceHHH /. IlycTb a(f) — Kjiacc 
Ko6op,a;H3Ma ocHameHHoro norpy»ceHHH pr : / -1 i> — > S q . (5Icho, ^to a KOMMyrapyeT c S, noaTOMy b 
CHjiy 1.4 h [12, Th. 2.13] a — H30Mop(pH3M npn p, q < m — 3 h 2p + 2q < 3m — 5). 

Onpedejienue omoGpawcenusi A. (cpaBHH c [8]) Bo3bMeM CHHryjiapHoe 3an,enjieHHe o6m;ero nojio»ceHHH 
/ 6 L™ p , ^onojiHeHne S m — fS p peTparnpyeTCH Ha cepepy ^'"-p- 1 ^ orpaHHHHBaiorrryio flHCK, HopMajib- 
Hbiii k o6pa3y fS p . Mojkho CHHTaTb, ^to ccbepa 5 fm_p_1 ABJiaeTCH CTaH^apTHoii (He3aBHCHMOCTb ot 
Bbi6opa H30TonHH, nepeBO^Hmeii cepepy g™^- 1 B cTaHflapTHyro, npoBepaeTCH aHajiorHHHO [8, Th. 7.1]). 
IIoMecTHM o6pa3 fS q b cepepy S m ~ p ~ l c noMonrbio noflxoflameH CHHryjiapHoii roMOTonHH rel5 p . Bo3b- 
MeM peryjiapHoe 3HaneHHe v € gm—p—i 0T0 6pa>KeHHfl /. IlycTb A(/) — Kjiacc Ko6op,n;H3Ma ocHameHHoro 
BjicoKeHHH pr : S q . 

Onpedejienue omo6paoKenun f3. (cpaBHH c [13]) Bo3bMeM ,a;HCKOBoe CHHryjiapHoe 3an,enjieHHe o6m;ero 
nojio»ceHHfl / : D p U D q — > K™, r,i;e WV — BepxHee nojiynpocTpaHCTBO. C noMombio coGctbchhoh CHHry- 
jiapHOH roMOTonHH , orpaHHneHHe KOTopoii Ha dD p HBJiaeTCH H30TonHefi, mojkho noMecTHTb o6pa3 fdD q 
b CTaH^apTHyro cepepy g™-?- 1 . Bo3bMeM peryjiapHoe SHa^eHne v S ,S' m ~ p_1 OTo6pa»ceHHfl /. IlycTb 
P(f) — Kjiacc co6cTBeHHoro Ko6op^H3Ma co6cTBeHHoro ocHameHHoro norpyaceHHa pr : f^ 1 v — > D q . 

TaKHM o6pa30M, Tpe6yeMaa ^narpaMMa nocTpoeHa. KoMMyTaTHBHOCTb c TO^HOCTbio ,a;o 3Haxa npoBe- 
paeTCH HenocpeflCTBeHHO. □ 

3aMeuanue 3.6. OrpaHHHeHne 2p + 2q < 3m — 6 b TeopeMe 1.1 — HaHjiy^Hiee, epopMyjia nepecTaeT 6biTb 
BepHofi npn 2p + 2q = 3m — 5. HanpHMep, B03bMeM m = p + 4 = 4fc — 1, k > 5, q = 2k + 1. Tor^a 

ii - — - m-fl 

rpynna LM^\ +1 6ecKOHeHHa [13, p. 755-756]. TaKHM o6pa30M, b cnjiy 3.3 h 3.5 rkDM p+l q+1 > 

rk fltfi _ +1 > rkTTp +q+ 2— m (VM+m-p-i,M)- IloaTOMy, corjiacHO 3.2 paHr jieBofl ^racra b epopMyjie 1.1 
6ojibnie, 'reM paHr npaBoii ^racra. 

3aMenanue 3.7. PaccyjK^eHHe CTaTbH [8] mojkho o6o6m,HTb, x rro6bi ^OKa3aTb TeopeMy 1.1 no Kpaimeii 
Mepe ,n;jia Bcex pa3MepH0CTeii, ya;oBjieTBop.HiorH,Hx HepaBeHCTBy 2pi + 2p2 < 3m — 7 (3,a;ecb mm nojib- 
3yeMca o6o3HaHeHHHMH CTaTbH [8]). /JeiicTBHTejibHO, eflHHCTBeHHMii mar yKa3aHHoro flOKa3aTejibCTBa, 
fljia KOToporo 3to orpaHH^reHHe He flBjiaeTca ^ocTaTO^HMM, — sto yTBep>K,a;eHHe [8, Proposition 10.2]. 
^aHHoe yTBepjK^eHHe cjie^yeT H3 toto, hto rpynna Ap' (cooTBeTCTBeHHO, n^_ 2 ) nopojK^aeTCH BceMH 
sjieMeHTaMH 6k(ii,i2) (cooTBeTCTBeHHO, [[i2,ii],i2] h ^fc+i(*i, ^2)), Win kotopmx kpi +p-2 > (fc + l)(m — 2). 



Bo3MO»cHafl npiiHima, noHeMy sto ycHJieHne He 6mjio 3aMeHeHO b CTaTbe [8], coctoht b tom, ito orpa- 
HHHeHne 2pi + 2p2 < 3m — 7 He B03HHKajio ecTecTBeHHbiM o6pa30M b pa3pa6aTbiBaeMoii TaM TeopHH 

BJIOJKeHHH B OTJIHHHe ot orpaHHieHHfl 3pi + P2 < 3to — 7. 

Bjiaro,n;apHocTH. Abtop 6jiaro,a;apeH A. CKoneHKOBy 3a nocTOHHHoe bhhmcihhg k ^aHHOH pa6oTe h 
pen;eH3eHTy »cypHajia 'Proceedings of the American Mathematical Society' 3a nojie3Hbie npe,a;jiO}KeHHfl. 
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